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ORBIT EMBEDDING FOR DOUBLE FLAG VARIETIES AND
STEINBERG MAPS
LUCAS FRESSE AND KYO NISHIYAMA
Abstract. In the first half of this article, we review the Steinberg theory for dou-
ble flag varieties for symmetric pairs. For a special case of the symmetric space
of type AIII, we will consider X = GL2n/P(n,n) × GLn/B
+
n × GLn/B
−
n on which
K = GLn × GLn acts diagonally. We give a classification of K-orbits in X , and
explicit combinatorial description of the Steinberg maps.
In the latter half, we develop the theory of embedding of a double flag variety into
a larger one. This embedding is a powerful tool to study different types of double flag
varieties in terms of the known ones. We prove an embedding theorem of orbits in full
generality and give an example of type CI which is embedded into type AIII.
Introduction
Various combinatorial structures play important roles in representation theory. For
example, the set of all equivalence classes of irreducible representations of the symmet-
ric group Sn of order n is classified by the set of partitions P(n) of n. If an irreducible
representation σ of Sn is corresponding to a partition λ ∈ P(n), then the set of stan-
dard tableaux STabλ gives a basis of the representation space of σ. This is known as
the Specht theory. Partitions are also interpreted as highest weights of finite dimen-
sional irreducible representations of GLn and semistandard tableaux give a basis of an
irreducible representation.
In this respect, the geometry of flag varieties also interacts with combinatorics and
representation theory. So let G be a reductive algebraic group over the complex number
field, B ⊂ G a Borel subgroup, and consider the full flag variety G/B. Then a symmetric
subgroup K of G which is fixed by an involution θ acts on G/B with finitely many orbits
and, together with the information of local systems, they actually classify irreducible
Harish-Chandra (g, K)-modules with the trivial infinitesimal character in terms of D-
modules ([2], see also [18]). The combinatorics of the K-orbits in G/B and their closure
relations is deeply related to the category of Harish-Chandra modules (see [17, 14], e.g.).
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Let us write B = G/B for shorthand. In much earlier time, Springer noticed that the
cotangent bundle T ∗B gives a resolution of singularity of the nilpotent variety Ng con-
sisting of the nilpotent elements in g ([26]). He constructed irreducible representations
of the Weyl groupW on the top-degree cohomology space of the so-called Springer fiber
Bx associated to a nilpotent element x ∈ Ng, and in that way he created a correspon-
dence between irreducible representations of W and the set of nilpotent orbits Ng/G
together with their local systems, which is finite in number ([27], see also [3]). This is
a remarkable breakthrough that provides an amount of works on combinatorics related
to the geometry of flag varieties as well as the nilpotent varieties (see, e.g., [13, 25] and
[30, 21]).
Approximately in the same period, Steinberg introduced a variety, now called the
Steinberg variety ([28]). He used this variety to study the Springer resolution more
deeply. The resolution T ∗B → Ng actually comes as a moment map arising from the
Hamiltonian action of G on the symplectic variety T ∗B (see [3, 5]). Let us consider the
product of the flag variety X := B ×B on which G acts diagonally. It is traditional
to study a symplectic reduction in the study of Hamiltonian actions on a symplectic
variety, and the Steinberg variety is obtained from this recipe. It arises as the null fiber
of the moment map µX : T
∗X → g∗, and is denoted by ZX = µ
−1
X
(0). The Steinberg
variety can also be interpreted as the fiber product over the resolution maps, which is
exhibited below.
ZX =T ∗B×NgT
∗B
p1

p2
//
ϕ
PPP
PPP
P
''PP
PPP
PP
T ∗B
µB

T ∗B
µB
// Ng
The variety ZX is highly reducible of equi-dimension, and its irreducible components are
parametrized by the Weyl groupW , or strictly speaking by the G-orbits {Ow | w ∈ W}
in X . The image of an irreducible component by the map ϕ, which is the composite
of the first projection to T ∗B and then by the moment map µB : T
∗B → Ng, is the
closure of a nilpotent orbit.
T ∗B×NgT
∗B
π
{{①①
①①
①①
①①
①① ϕ
##
❋❋
❋❋
❋❋
❋❋
❋❋
B×B ⊃ Ow Ng ⊃ O
Thus we get a combinatorial map Φ : W ≃ (B×B)/G → Ng/G via ϕ
(
π−1(Ow)
)
=
O (w ∈ W, O ∈ Ng/G). This provides a rich theory involving geometry, combinatorics
and representation theory. In fact, it turns out that ZX bears the regular representation
of the Weyl group which “doubles” the Springer representations.
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We started a study which generalizes the above mentioned Steinberg theory to the
case of symmetric pairs in [7, 8]. It is related to the triple flag varieties [15, 16, 6, 31]
as well as the double flag varieties for symmetric pairs [20, 10] of finite type. In fact,
our study is motivated by the paper by Henderson and Trapa [11], although the role of
the double flag variety is implicit in their paper.
Let P and Q be parabolic subgroups of G and K, respectively. Then we call X :=
G/P×K/Q a double flag variety of the symmetric pair (G,K). The symmetric subgroup
K acts on X diagonally. For this double flag variety, we define a conormal variety ZX ,
which is a direct generalization of the Steinberg variety. If there are only finitely many
K-orbits on X , basically we can play the same game as above, and obtain two different
combinatorial maps Φ±θ : X/K → N±θ/K, where N θ = Ng ∩ k is the nilpotent variety
of k, and N−θ is the nilpotent variety in the (co)tangent space of G/K (see below for
the precise definition).
We call the maps Φ±θ defined above Steinberg maps associated to X . If we need to
distinguish Φθ and Φ−θ, the map Φθ is called a generalized Steinberg map and Φ−θ an
exotic one.
In the case of the double flag varieties, it is not obvious if there is a representation
theoretic structure on ZX . However, a na¨ıve picture of convolutions (cf. [3, §2.7]) gives
us an insight that hopefully we can construct Hecke algebra actions of H(G/B) on the
left and those of H(K/BK) on the right and which make the top Borel-Moore homology
space into a Hecke algebra bi-module. See [31] and also [8, Conjecture 7.11].
Let us consider an example of a symmetric pair of type AIII, namely (G,K) = (GL2n,
GLn × GLn). We consider everything over C and basically omit the letter C. Let
V = C2n and fix a standard polar decomposition V = V + ⊕ V −, where dimV ± = n
and V + = 〈ei | 1 ≤ i ≤ n〉, V − = 〈ei | n + 1 ≤ i ≤ 2n〉. Then K is the stabilizer of
the polarization. Consider a maximal parabolic subgroup P in G which stabilizes V +
so that G/P ≃ Grn(V ), the Grassmannian of n-spaces in V . Also we choose a Borel
subgroup of K = GLn×GLn as BK = B+n ×B
−
n , where B
+
n denotes the Borel subgroup
of GLn consisting of upper triangular matrices and B
−
n its opposite as usual. In this
way, our double flag variety is
X = G/P ×K/BK ≃ Grn(V )×Fℓ
+
n ×Fℓ
−
n ,
on which K = GL2n acts. Here Fℓ
±
n is the set of complete flags of subspaces in V
±. We
proved
Theorem 0.1 ([8], see Theorem 2.2 below). There are finitely many K-orbits in X
and they are parametrized by pairs of partial permutations of rank n. Namely, we have
X/K ≃ (T 2n)
◦/Sn, (T
2
n)
◦ :=
{
ω =
(
τ1
τ2
) ∣∣∣ τ1, τ2 ∈ Tn, rankω = n},
where Tn denotes the set of partial permutation matrices of size n.
It is well known that the nilpotent orbits in N θ/K are parametrized by pairs of
partitions (λ, µ) ∈ P(n)2, and those in N−θ/K are parametrized by signed Young
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diagrams Λ ∈ YD±(n, n) of signature (n, n). See § 2.2 below for details. So we obtain
a combinatorial map
Φ±θ : (T 2n)
◦/Sn ≃ X/K −−−→ N
±θ/K ≃
{
P(n)2 for N θ,
YD±(n, n) for N−θ.
In [8], we gave partial results which give explicit and efficient algorithms for com-
puting the Steinberg maps Φ±θ for ω =
(
τ1
1n
)
, i.e., one of the partial permutation is
really a permutation. However, now we have a complete algorithm for all of (T 2n)
◦/Sn
(unpublished, in preparation). In the present paper, we give this complete algorithm
without proof for the map Φθ. Proofs and the algorithm for Φ−θ will appear elsewhere
soon. Thus we only claim it in an abstract manner here.
Theorem 0.2 (Theorems 2.3 and 2.6). There exist efficient combinatorial algorithms
which describe the maps Φ±θ.
In the course of proofs, we obtain a generalization of Robinson-Schensted corre-
spondence for the pairs of partial permutations of full rank (see Theorem 2.6). This
correspondence is also interesting in itself, and we noticed1 that there is a strong re-
semblance of the parameter sets of K-orbits in X and those for the Travkin’s mirabolic
triple flag variety ([31]). It seems that they are also related to the parameter sets of
Achar-Henderson’s enhanced nilpotent orbits ([1]) and Kato’s exotic nilpotent orbits
([12]). However, up to now, we cannot make out any rigorous geometric interpretations
for them.
There are many other interesting double flag varieties which admit a finite number
of K-orbits (see [20, 10]). However, no unified way to get an explicit and efficient
algorithm for the above mentioned Steinberg maps Φ±θ is known up to now. Even for
giving parametrizations of K-orbits in X , there is no rigorous theory.
In this paper, we propose a technique by which we can embed a double flag variety
into a larger double flag variety preserving orbit structures. Thus, if we know the
Steinberg theory for a larger double flag variety, we might deduce the theory for a
smaller one.
In fact, nilpotent orbits of classical Lie algebras are classified in that way. Namely,
we first classify the nilpotent orbits in type A, which amounts to establish the theory of
Jordan normal form, and we get partitions. For type B, C and D, we embed them as Lie
subalgebras of type A. Then nilpotent orbits of these Lie subalgebras can be obtained
as non-empty intersection of the ones in type A and these subalgebras themselves. So
we can use partitions of special shapes as a parameter set of nilpotent orbits.
In Section 3, we discuss the embedding of orbits in X into a larger double flag variety
X. The key idea is to use two commuting involutions σ, θ and existence of square roots
in the direction of G/K. This idea is originally developed by Takuya Ohta [24] for
linear actions, and later for arbitrary actions in [19].
1 Actually this was pointed out to the authors by Anthony Henderson (private communication).
We thank him for that.
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We give a full general theory for embedding in Section 3 without assuming the finite-
ness of orbits. Then, in Section 4, we give an example of type CI embedded into type
AIII discussed above.
Let us briefly summarize the main results here. Thus we will consider a larger con-
nected reductive algebraic group G and two commuting involutions σ, θ of G. Define
K = Gθ, the fixed point subgroup of θ, and similarly G = Gσ, K = Kσ = Gθ. We
assume that all these groups are connected. Take parabolic subgroups P ⊂ G and
Q ⊂ K. Then there exist σ-stable parabolic subgroups P ⊂ G and Q ⊂ K which cut
out P and Q from G and K respectively.
Take a σ-stable subgroup H of G and denote H−σ = {h ∈ H | σ(h) = h−1}. We say
that H admits (−σ)-square roots if for any h ∈ H−σ there exists an f ∈ H−σ such that
h = f 2. We consider the following conditions.
(A) P and Q admit (−σ)-square roots.
(B) For any σ-stable parabolic subgroups P1 ⊂ G and Q1 ⊂ K which are conjugate
to P and Q respectively, the intersection P1 ∩Q1 admits (−σ)-square roots.
Theorem 0.3 (Theorem 3.3). In the above setting, let us consider the double flag
varieties X := G/P × K/Q and X := G/P × K/Q. If the parabolic subgroups P and
Q satisfy the conditions (A) and (B), then there exists a natural embedding X →֒ X
which respects the involution σ, and the natural orbit map ι : X/K → X/K defined by
ι(O) = K · O for O ∈ X/K is injective, i.e., for any K-orbit O in X, the intersection
O ∩X is either empty or a single K-orbit.
Under the same assumption, we prove a theorem on conormal varieties, which essen-
tially says that there exists an embedding of irreducible components of ZX into those
of ZX. See Theorem 3.6.
In Section 4, we consider (G,K) = (GL2n,GLn×GLn) of type AIII and take (G,K) =
(Sp2n,GLn). For a Siegel parabolic subgroup P = PS in G and the standard upper
triangular Borel subgroup BK = B
+
n in K, we can choose σ-stable parabolic subgroups
P and BK which satisfy the assumptions (A) and (B). Thus the embedding theorem
holds, and we get an explicit parametrization of K-orbits in X = Sp2n/PS ×GLn/B
+
n
(see Theorem 4.6). Note that X ≃ LGr(C2n)×Fℓn, where LGr(C2n) is the Lagrangian
Grassmannian in the symplectic vector space C2n.
We thank the organizers of the conference held in Dubrovnik, Croatia, June 24–29,
2019. This conference offered the authors a good opportunity to review their previ-
ous joint works seriously and it leads to new results reported here. Also we thank
Anthony Henderson for the correspondence and Takuya Ohta for discussions on orbit
embeddings.
1. Steinberg theory for symmetric pairs: a review
In this section, we review the Steinberg theory for symmetric pairs given in [8],
although we describe it in a slightly different manner in this article.
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Let G be a complex connected reductive algebraic group with an involutive automor-
phism θ : G → G. Let K := Gθ be the fixed-point subgroup of θ. Thus we have a
symmetric pair (G,K) and K is called a symmetric subgroup. Assume for simplicity
that K is connected.
By differentiation, the involution θ induces an involution on the Lie algebra g :=
Lie (G), which we also denote θ : g → g by abuse of notation. Let k := Lie (K) = gθ
the fixed-point subalgebra and put s := g−θ = {x ∈ g | θ(x) = −x}. Let x 7→ xθ
and x 7→ x−θ stand for the projections prk : g → k and prs : g → s along the Cartan
decomposition g = k ⊕ s. Let N ⊂ g be the cone of nilpotent elements and put
N θ := N ∩ k and N−θ := N ∩ s. It is well known that the nilpotent varieties N θ and
N−θ consist of finitely many K-orbits.
Let us introduce the double flag variety X = G/P × K/Q, where P and Q are
parabolic subgroups of G and K respectively [20]. The variety X is a smooth projective
variety on which K acts diagonally. Let us denotePG = G/P andQK = K/Q so that
X =PG ×QK .
As usual, we identify PG = G/P with the set of parabolic subalgebras p1 which
are conjugate to p = Lie (P ). We denote by up1 the nilpotent radical of a parabolic
subalgebra p1. Then the cotangent bundle overPG is isomorphic to
T ∗PG = {(p1, x) | p1 ∈PG, x ∈ up1} ≃ G×P up.
We denote by µPG : T
∗PG → N the second projection µPG(p1, x) = x, which coincides
with the moment map2 with respect to a standard symplectic structure on T ∗PG.
Similarly, we have the moment map
µQK : T
∗
QK = {(q1, y) | q1 ∈QK , y ∈ uq1} → k, µQK(q1, y) = y,
with the obvious notation similar to those forPG.
Definition 1.1. Let Z := T ∗PG ×N θ T
∗QK be the fiber product over the nilpotent
variety N θ:
Z = T ∗PG×N θT
∗QK
p2

p1
//
ϕθ
▲▲
▲▲
▲▲
▲▲
▲▲
▲
%%▲
▲▲
▲▲
▲▲
▲▲
▲▲
T ∗PG ∋ (p1, x)
µPG

Ng ∋ x
prk

(q1, y) ∈ T ∗QK
−µQK
// N θ ∋ −y = xθ
2 The cotangent bundle T ∗PG admits a canonical G-invariant symplectic structure. Since the
action of G on the symplectic variety T ∗PG(≃ G×P up) is Hamiltonian, there exists a moment map
µ : T ∗PG → g∗. We fix once and for all a nondegenerate invariant bilinear form on g and identify
g ≃ g∗. With this identification, the conormal direction (g/p1)⊥ ⊂ g∗ is identified with up1 which is
contained in N . So the image of µ is actually contained in the nilpotent variety N . We do not repeat
similar arguments below, but the term “moment map” should be always understood in this way.
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We call Z = ZX the conormal variety for the double flag variety X .
The definition of the conormal variety Z looks different from that in [8], but they are
isomorphic. In fact, we know
Fact 1.2. (1) Let µX : T
∗X → k be the moment map for the canonical Hamiltonian
action of K on the cotangent bundle T ∗X . Then the conormal variety is isomorphic
to the null fiber of the moment map: Z ≃ µ−1X (0).
(2) Let O ⊂ X be a K-orbit. We denote by T ∗OX the conormal bundle over O. The
conormal variety is a disjoint union of the conormal bundles: Z =
∐
O∈X/K T
∗
OX .
(3) The dimension of the conormal variety is equal to dimX if and only if there are
only finitely many K-orbits in X . In this case, Z is equidimensional and each irre-
ducible component arises as the closure of a conormal bundle. Thus Z =
⋃
O∈X/K T
∗
OX
gives the decomposition into irreducible components.
We are particularly interested in the case where there are only finitely many K-orbits
in X . However, for the time being, we do not assume it and develop a general theory.
Let us denote the diagonal map in the fiber product by ϕθ : Z → N θ. This map is
explicitly described as
ϕθ((p1, x), (q1, y)) = x
θ = −y for ((p1, x), (q1, y)) ∈ Z.
Note that we consider Z ⊂ T ∗PG×T ∗QK = T ∗X here. It is not enough to specify the
conormal fiber only by ϕθ and we need another map
ϕ−θ((p1, x), (q1, y)) = x
−θ = x+ y for ((p1, x), (q1, y)) ∈ Z.
We call ϕθ the generalized Steinberg map and ϕ−θ the exotic Steinberg map. Both maps
are clearly K-equivariant, but a priori not closed (see [8, Remark 11.3]).
By definition, the image Imϕθ is contained in the nilpotent variety N θ. There is
no guarantee that the image Imϕ−θ is contained in the nilpotent variety, but in many
interesting cases it is so. For this, we refer the readers to [7, §4.1].
Assumption 1.3. We assume Imϕ−θ ⊂ N−θ throughout in this paper.
Note that the sets Gup ⊂ N and Kuq ⊂ N θ are the closures of the Richardson nilpo-
tent orbits associated to P and Q respectively. So the above assumption is equivalent
to claiming that prs(Gup ∩ (Kuq + s)) ⊂ N
−θ. In other words, x ∈ Gup and xθ ∈ Kuq
imply x−θ ∈ N−θ.
Let π be the projection from the cotangent bundle T ∗X to X (the bundle map) and
consider the following double fibration maps.
Z = T ∗QK×N θT
∗PG
π
yyrr
rr
rr
rr
rr
rr
r
ϕ±θ
%%▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
X =QK ×PG N±θ
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Using this diagram, we define orbit maps
Φ±θ : X/K −−−→ N±θ/K, O 7→ O
by ϕ±θ(π−1(O)) = O, where O is a K-orbit in X and O is a nilpotent K-orbit in N±θ.
This definition works since there are only finitely many nilpotent K-orbits both in N θ
and N−θ. By abuse of the terminology, we also call Φθ the generalized Steinberg map
and Φ−θ the exotic Steinberg map.
Since π−1(O) = T ∗OX is the conormal bundle over O, Φ
±θ(O) = O if and only if
ϕ±θ(T ∗OX) = O. Recall that, if there exist only finitely many K-orbits in X , the
closure of T ∗OX can also be interpreted as an irreducible component of the conormal
variety Z (Fact 1.2 (3)).
2. Combinatorial Steinberg maps
In this section, we will discuss a combinatorial side of the Steinberg theory. Thus we
assume that there are finitely many K-orbits in the double flag variety X =PG×QK . In
this situation, if we know an explicit classification of the K-orbits in X , both Steinberg
maps Φ±θ : X/K → N±θ might have interesting combinatorial interpretations.
2.1. Classical Steinberg map and the Robinson-Schensted correspondence.
Let us first review the results by Steinberg [29]. We consider a special case where
G = K (i.e., θ = idG), and take P = Q = B to be a Borel subgroup of G. Then
X = G/B ×G/B =BG ×BG, whereBG = G/B is the full flag variety.
In this case, we see that X/G ≃ B\G/B, and the double coset space on the right
hand side is parametrized by the Weyl group W thanks to the Bruhat decomposition.
Also, since s = 0, the nilpotent variety N−θ vanishes and ϕ−θ is zero. The nilpotent
variety N θ coincides with N = Ng. Thus our map Φθ reduces to Φ : W → N /G.
Note that both the Weyl group W and the set of nilpotent orbits N /G provide rich
ingredients for combinatorics.
Let us examine it in the case of G = GLn = GLn(C). We choose B = B
+
n (the Borel
subgroup of upper triangular matrices). The Weyl group W is simply the symmetric
group Sn of order n and the set of nilpotent GLn-orbits in N is in bijection with the
set of partitions of n, which we will denote by P(n).
For w ∈ Sn, we take a permutation matrix denoted by the same letter, and write Ow
for the G-orbit through (B,wB) ∈ X . Then, as we explained, Zw := π−1(Ow) is an
irreducible component of the variety Z (called Steinberg variety, in this setting). The
image of this irreducible component by ϕ = ϕθ is the closure of a nilpotent orbit in
N , which is parametrized by a partition λ ∈ P(n). Thus we get ϕ(Zw) = Oλ, which
establishes the map Φ : Sn → P(n).
It is the Robinson-Schensted correspondence that plays another important role of the
theory, which establishes a (combinatorial) bijection between Sn and the set of pairs of
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standard tableaux of same shape (see [9], for example). Thus we have
RS : Sn
∼
−−→
∐
λ∈P(n)
{(T1, T2) | Ti ∈ STabλ},
where STabλ denotes the set of standard tableaux of the shape λ.
Theorem 2.1 (Steinberg [29]). The Steinberg map Φ : Sn ∋ w 7→ λ ∈ P(n) defined
by ϕ(Zw) = Oλ factors through the Robinson-Schensted correspondence.
Sn
Φ
((PP
PPP
PPP
PPP
PPP
PPP
PPP
PPP
PPP
∼
RS
//
∐
λ∈P(n)
{(T1, T2) | Ti ∈ STabλ}

∋ (T1, T2)❴

P(n) ∋ λ = shape(Ti)
2.2. A symmetric pair of type AIII. Let us consider the case of the symmetric pair
(G,K) = (GL2n,GLn ×GLn). This case is studied in [8].
We take a Siegel parabolic subgroup P = PS ⊂ GL2n of G, which is the stabilizer of
the n-dimensional subspace Cn × {0}n ⊂ C2n, and a Borel subgroup Q = B+n × B
−
n ⊂
GLn×GLn of K, where B−n denotes the lower triangular Borel subgroup of GLn. Thus
the double flag variety X becomes
X = GLn/B
+
n ×GLn/B
−
n ×Grn(C
2n),
where Grn(C
2n) stands for the Grassmann variety of n-dimensional subspaces in C2n.
In [8, Theorem 8.1], the K-orbits on X are completely classified. As a result, there are
only finitely many K-orbits in X . Let us review the classification briefly.
A partial permutation τ on the set [n] = {1, 2, . . . , n} is an injective map from a
subset J ⊂ [n] to [n]. It is convenient to extend τ : J → [n] to τ : [n] → [n] ∪ {0} by
putting τ(k) = 0 for k 6∈ J . As in the case of permutation, we can associate a matrix
in Mn with a partial permutation τ , which we also denote by τ by abuse of notation.
Namely the matrix τ is given by (eτ(1), eτ(2), . . . , eτ(n)), where e0 = 0 and e1, . . . , en
denote the elementary basis vectors of Cn. Let us denote by Tn the set of all partial
permutation matrices and put
(T 2n)
◦ =
{
ω =
(
τ1
τ2
) ∣∣∣ τ1, τ2 ∈ Tn and rankω = n} ⊂ M2n,n.
Then the image [ω] := Imω generated by the column vectors of ω is an n-dimensional
vector space, hence it represents a point in Grn(C
2n). Notice that the symmetric group
Sn acts on (T
2
n)
◦ by the right multiplication (or permutation of the column vectors) and
this action does not change the corresponding subspace [ω]. Let us denote the parabolic
subgroup of G stabilizing [ω] by Pω.
Theorem 2.2 ([8, Theorem 8.1]). There exist natural bijections
X/K ≃ Grn(C
2n)/(B+n × B
−
n ) ≃ (T
2
n)
◦/Sn.
The bijections are explicitly given by K · (B+n ×B
−
n , Pω)↔ (B
+
n × B
−
n ) · [ω]↔ ωSn.
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In this setting Assumption 1.3 is satisfied (see [20, Table 3] and [7, Proposition 4.2]).
Thus by the machinery which we have already described, we get the Steinberg maps
Φθ : (T 2n)
◦/Sn → N θ/K and Φ−θ : (T 2n)
◦/Sn → N−θ/K. Since K = GLn × GLn,
the nilpotent variety N θ is the product of two copies of the cone of nilpotent matrices
of size n. Thus the nilpotent K-orbits in N θ are classified by the pairs of partitions:
N θ/K ≃ P(n)2. The nilpotent orbits in N−θ are classified by the signed Young
diagrams of size 2n with signature (n, n) (see [4], or [30]). We denote this set of signed
Young diagrams by YD±(n, n). Thus we have the generalized and exotic Steinberg
maps
Φθ : (T 2n)
◦/Sn → P(n)
2 and Φ−θ : (T 2n)
◦/Sn → YD±(n, n),
both of which are combinatorial.
Theorem 2.3. There exist efficient combinatorial algorithms which describe the Stein-
berg maps Φ±θ.
Choose ω =
(
τ1
τ2
)
∈ (T 2n)
◦. If τ1 or τ2 is a permutation, then up to the action of Sn,
we can assume that τ1 or τ2 is equal to 1n (the identity matrix). In these special cases,
the above theorem is already proved in Theorems 9.1 and 10.4 in [8]. We will explain
the algorithms below but the full proof of the above theorem will appear elsewhere.
2.3. Generalizations of the Robinson-Schensted correspondence to type AIII.
To explain the “efficient combinatorial algorithm” in Theorem 2.3, we need some prepa-
ration.
We choose a partition of [n] = {1, . . . , n} into three disjoint subsets J,M,M ′ of sizes
r = #J, p = #M, q = #M ′ so that r + p + q = n. Choose another partition into
subsets of the same sizes denoted by I, L, L′. Let σ : J → I be a bijection and write
J = {j1 < · · · < jr} and M = {m1 < · · · < mp}. The same notation applies to the rest
of the subsets M ′, I, L, L′ too. Then we put
τ1 =
(
j1 · · · jr m1 · · · mp m′1 · · · m
′
q
σ(j1) · · · σ(jr) 0 · · · 0 ℓ′1 · · · ℓ
′
q
)
,
τ2 =
(
j1 · · · jr m1 · · · mp m′1 · · · m
′
q
j1 · · · jr m1 · · · mp 0 · · · 0
)
,
and consider ω =
(
τ1
τ2
)
∈ (T 2n)
◦. It is straightforward to check the following lemma.
Lemma 2.4. For all the choices of numbers r, p, q, partitions [n] = J ⊔ M ⊔ M ′ =
I⊔L⊔L′, and bijection σ : J
∼
−→ I as above, {ω} is a complete system of representatives
for the quotient space (T 2n)
◦/Sn.
Corollary 2.5. #X/K =
∑
n=r+p+q
r!
(
n
r, p, q
)2
,
(
n
r, p, q
)
=
n!
r! p! q!
.
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Let us return to the notation above, and consider ω ∈ (T 2n)
◦. Since σ : J → I is
a bijection, we can apply the classical Robinson-Schensted(-Knuth) algorithm (see [9])
to σ and get a pair of Young tableaux (T1, T2) = (RS1(σ),RS2(σ)) of the same shape,
where I is the set of entries of T1 and J is that of T2.
There is an algorithm called “rectification” of two Young tableaux T and U denoted
as Rect(T ∗ U) (see [9]). We can rectify more than two tableaux at the same time, so
we can write Rect(T ∗ U ∗ V ), for example. For a subset A ⊂ [n], let [A] be the unique
vertical Young tableau of shape (1#A) with entries in A.
Theorem 2.6. Let ω ∈ (T 2n)
◦ be a representative specified in Lemma 2.4. Put T̂1 =
Rect([L′] ∗ t
(
RS1(σ)
)
∗ [L]) and T̂2 = Rect([M ′] ∗ t
(
RS2(σ)
)
∗ [M ]), where tT denotes
the transpose of the tableau T . Let λ = shape(T̂1) and µ = shape(T̂2). Then the image
of the generalized Steinberg map is given by Φθ(ω) = (λ, µ).
Remark 2.7. In [8], we gave an algorithm for ω =
(
τ1
1n
)
. The formula given here
is slightly different from it since one of the Borel subgroups is twisted to the lower
triangular one.
Note that the above theorem clarifies the fiber of Φθ and gives a different parametriza-
tion of X/K in terms of standard tableaux. We will describe it shortly. If a pair of
partitions λ, ν satisfy νi ≤ λi ≤ νi + 1 for any i ≥ 1, we write ν ⊢ λ. This is equivalent
to saying that ν ⊂ λ and λ \ ν is a vertical strip. Put
Υ(r, p, q) = {(λ, µ;λ′, µ′; ν) | λ, µ ∈ P(n), λ′, µ′ ∈ P(r + p), ν ∈ P(r),
ν ⊢ λ′ ⊢ λ, and ν ⊢ µ′ ⊢ µ}.
By the construction, it is easy to see that there exists a bijection
gRS : (T 2n)
◦/Sn
∼
−−→
∐
n=r+p+q
(λ,µ;λ′,µ′;ν)∈Υ(r,p,q)
{(T̂1, T̂2;λ
′, µ′; ν) | (T̂1, T̂2) ∈ STabλ×STabµ}.
We call this bijection gRS the generalized Robinson-Schensted correspondence. As be-
fore, we get a commutative diagram
X/K ≃ (T 2n)
◦/Sn
Φθ
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
∼
gRS
//
∐
(⋆)
{(T̂1, T̂2;λ′, µ′; ν)}

∋ (T̂1, T̂2;λ′, µ′; ν)❴

P(n)2 ∋ (λ, µ)
Here (⋆) represents the condition n = r+p+q, (λ, µ;λ′, µ′; ν) ∈ Υ(r, p, q), and (T̂1, T̂2) ∈
STabλ × STabµ.
For the formula giving Φ−θ, we refer the readers to [8]. In the quoted paper, we only
treated the case where ω =
(
τ
1n
)
. A complete algorithm will appear elsewhere.
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3. Embedding of the orbits in double flag varieties
In this section, we return back to the situation of § 1, and we do not assume the
finiteness of the number of K-orbits in X nor Assumption 1.3.
Thus (G,K) is a symmetric pair and P,Q are parabolic subgroups of G and K
respectively. Sometimes a double flag variety X = G/P ×K/Q can be embedded into
a larger double flag variety. In this respect, we need a more precise setting.
Let G be a connected reductive algebraic group over C, and let θ, σ ∈ AutG be
involutions which commute: θσ = σθ. The fixed point subgroup of θ is denoted by
K = Gθ so that (G,K) is a symmetric pair. Assume that G is the fixed point subgroup
of σ, G = Gσ. Since θ and σ commute, G is stable under θ and K is stable under σ.
We put K = Gθ = Kσ = G ∩K, which is a symmetric subgroup of both G and K.
K ⊂ G
⊃ ⊃
K ⊂ G
For simplicity, we assume that all the subgroups G,K and K are connected.
3.1. Embedding of double flag varieties. For a parabolic subgroup P of G, we can
choose a σ-stable parabolic subgroup P of G which cuts out P from G, i.e., P = Pσ =
P ∩G. Similarly, for a parabolic subgroup Q of K, we can choose a σ-stable parabolic
subgroup3 Q of K which satisfies Q = Qσ = Q ∩K.
Denote by X = G/P×K/Q a double flag variety for (G,K). Then X = G/P ×K/Q
is embedded into X in a natural manner. The embedding X →֒ X sends (gP, kQ) (g ∈
G, k ∈ K) to (gP, kQ), and we do not distinguish X from its embedded image in X.
By abuse of notation, let σ also denote the automorphism of X defined by σ(g ·P,k ·
Q) = (σ(g) · P, σ(k) ·Q) so that σ(h · x) = σ(h) · σ(x) holds for h ∈ K and x ∈ X.
For a σ-stable subgroup H ⊂ G, we will denote
H−σ = {h ∈ H | σ(h) = h−1}.
Definition 3.1. For a σ-stable subgroup H of G, we say that H admits (−σ)-square
roots if for any h ∈ H−σ there exists an f ∈ H−σ which satisfies h = f 2.
Lemma 3.2. If P and Q admit (−σ)-square roots, then X coincides with the fixed point
set Xσ := {x ∈ X | σ(x) = x}.
Proof. The inclusion X ⊂ Xσ is clear. For the other inclusion, take (gP,kQ) ∈ Xσ.
Since (gP,kQ) = σ(gP,kQ) = (σ(g)P, σ(k)Q), we get g−1σ(g) ∈ P and k−1σ(k) ∈ Q.
This means g−1σ(g) ∈ P−σ, hence by the assumption there exists an f ∈ P−σ such that
g−1σ(g) = f 2. From this, we get gf = σ(g)f−1 = σ(gf). Therefore we conclude that
gf ∈ Gσ = G, and gP = (gf)P belongs to G/P ⊂ G/P.
3 In most of the literature, the letter Q is reserved to denote the field of rational numbers. However,
in this paper, we consider everything over the complex number field C and actually the rational number
field does play no rule. For this reason, we choose the letter Q for a parabolic subgroup of K.
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Similarly we get kQ = (kh)Q for some h ∈ Q−σ and kh ∈ K. Thus we get (gP,kQ) =
((gf)P, (kh)Q) ∈ X . 
3.2. Embedding of orbits. Since the embedding X →֒ X is K-equivariant, it induces
a natural orbit map defined by 4
ι :X/K // X/K∋ ∋
O ✤ // O = K · O
.
There is no reason to expect that ι is an embedding, i.e., to conclude O = O ∩ X .
In this setting, there is a criterion which assures that ι is an embedding. We quote
Assumption 3.1 from [19] (with terminology re-adapted): “For any x ∈ X, StabK(x)
admits (−σ)-square roots.”
To translate the condition in the present setting, let x = (gP, kQ) =: (P1,Q1) be
a point in X . Note that P1 and Q1 are σ-stable parabolic subgroups of G and K
respectively. Then StabK(x) = P1 ∩Q1. Thus the above assumption can be rephrased
as “P1 ∩Q1 admits (−σ)-square roots.”
Let us summarize the situation: Let G,K = Gθ, G = Gσ, K = Kσ = Gθ be as above
and assume they are all connected. Let P and Q be parabolic subgroups of G and
K respectively and choose σ-stable parabolic subgroups P ⊂ G and Q ⊂ K such that
P = P ∩G and Q = Q ∩K. We consider the following two conditions:
(A) P and Q admit (−σ)-square roots (see Definition 3.1).
(B) For any σ-stable parabolic subgroups P1 ⊂ G and Q1 ⊂ K which are conjugate
to P and Q respectively, the intersection P1 ∩Q1 admits (−σ)-square roots.
Theorem 3.3. In the above setting, let us consider the double flag varieties X =
G/P ×K/Q and X = G/P×K/Q. Then the conditions (A) and (B) imply the follow-
ing.
(1) There is a natural embedding X →֒ X defined by (gP, kQ) 7→ (gP, kQ) for any
g ∈ G and k ∈ K. The involutive automorphism σ ∈ AutX given by σ(gP,kQ) =
(σ(g)P, σ(k)Q) (g ∈ G,k ∈ K) is well defined and X = Xσ holds.
(2) The natural orbit map ι : X/K → X/K defined by ι(O) = K · O for O ∈ X/K is
injective, i.e., if we put O = ι(O), then it holds O = O ∩X = Oσ.
(3) For any K-orbit O in X, the intersection O∩X is either empty or a single K-orbit.
As we have already explained above, this theorem follows from [19, Theorem 3.2].
We make emphasis on the fact that we do not need finiteness of the orbits.
If we take Q = K and Q = K, we get the following corollary, which is known to
experts on the basis of case-by-case analysis.
Corollary 3.4. Let P be a σ-stable parabolic subgroup of G, which admits (−σ)-square
roots. Assume that, for any σ-stable parabolic subgroup P1 ⊂ G conjugate to P, the
intersection P1∩K admits (−σ)-square roots. Then the natural embedding map G/P →
4 In the previous sections, we always denote a K-orbit in X by using a black board bold letter like
O. However, in this section, we take advantage of systematic notation.
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G/P induces an embedding of orbits K\G/P → K\G/P, i.e., for any K-orbit O in G/P,
the intersection O ∩G/P is either empty or a single K-orbit.
In this way, the classification of the K-orbits in the partial flag variety G/P reduces
to that of K-orbits in G/P together with the determination of the subset of orbits with
non-empty intersection with G/P . Note that, in this case, both K\G/P and K\G/P
are finite sets.
3.3. Embedding of conormal bundles. We fix a nondegenerate invariant bilinear
form on G := Lie (G) which is also invariant under involutions σ and θ. Certainly it
always exists and by restrictions it descends to nondegenerate bilinear forms on g, k and
K := Lie (K). By this invariant form, we identify G and G∗, and similar identifications
take place for g, k and K. In the following, we will use German capital letters for the
Lie algebras of the groups denoted by black board bold letters.
Let us consider the cotangent bundles T ∗X and T ∗X. Since T ∗X ≃ (G ×P uP) ×
(K ×Q uQ) by the identification G ≃ G∗ and K ≃ K∗, we have a natural extension of
σ ∈ AutX to the whole T ∗X. We prove
Proposition 3.5. Let us assume the condition (A) in § 3.2. Then (T ∗X)σ = T ∗X
holds.
Proof. It is obvious that T ∗X ⊂ (T ∗X)σ. Let us prove the reversed inclusion. Take
[g,u] ∈ G ×P uP. Then σ([g,u]) = [σ(g), σ(u)] is equal to [g,u] if and only if there
exists p ∈ P such that σ(g) = gp and σ(u) = p−1u. From the first equality, we get
p = g−1σ(g) ∈ P−σ so that there exists a square root f ∈ P−σ of g−1σ(g). Then
[g,u] = [gf, f−1u] ∈ G×P up. In fact, σ(gf) = σ(g)f−1 = gf which implies gf ∈ G.
Similarly, σ(f−1u) = fσ(u) = fp−1u = ff−2u = f−1u, which proves f−1u ∈ (uP)σ =
up.
In the same manner, we conclude (K×QuQ)σ = K×Quq, which proves the proposition.

Let us denote the moment maps by
(3.1) µX : T
∗X→ K∗ ≃ K, µX : T
∗X → k∗ ≃ k.
Clearly µX commutes with σ and µX
∣∣
T ∗X
= µX . Let ZX = µ
−1
X (0) and ZX = µ
−1
X (0) be
the corresponding conormal varieties 5.
Theorem 3.6. Assume both conditions (A) and (B) in § 3.2.
(1) It holds that (ZX)σ = ZX .
(2) By Theorem 3.3, the orbit map ι : X/K → X/K is injective. For O ∈ X/K, put
O = K · O = ι(O). Then we have (T ∗OX)
σ = T ∗OX.
5 We defined the conormal variety in § 1 in a different way, but they coincide. See Fact 1.2(1) and
also [8].
ORBIT EMBEDDING FOR STEINBERG MAPS 15
Proof. (1) (ZX)σ = (T ∗X)σ ∩ µ
−1
X (0) = T
∗X ∩ µ−1X (0) = T
∗X ∩ µ−1X (0) = ZX .
(2) Since Oσ = O, it suffices to check the equality for the fiber. Take x ∈ O and
write x = (P1, Q1) = (P1,Q1) (as a point in G/P ×K/Q embedded into G/P×K/Q).
Then the fiber of the conormal bundle at x is given by (T ∗OX)x =
(
(P1,Q1) + ∆K
)⊥
,
where ∆K denotes the diagonal embedding and ⊥ refers to the orthogonal in the dual
space. Since all the subspaces which are relevant are σ-stable, we conclude (T ∗OX)
σ
x =(
(Pσ1 ,Q
σ
1 ) + ∆K
σ
)⊥
=
(
(p1, q1) + ∆k
)⊥
= (T ∗OX)x. 
3.4. Compatibility with Steinberg maps. In this section we assume both condi-
tions (A) and (B), so that Theorem 3.3 provides us with an orbit embedding ι : X/K →֒
X/K.
Recall that there are two types of nilpotent cones N±θ in k = gθ and s = g−θ
respectively. The symmetric subgroup K acts on both nilpotent varieties with finitely
many orbits.
Similarly, we denote the nilpotent variety for G = Lie (G) by N = NG and put
Nθ = N∩K and N−θ = N∩G−θ. The symmetric subgroup K acts on N±θ with finitely
many orbits.
Clearly N±θ are fixed point varieties of N±θ by the involution σ. Therefore we have
natural orbit maps ι±θ : N±θ/K → N±θ/K. Namely, for an orbit O ∈ N±θ/K, the
respective map is defined by letting ι±θ(O) = K · O. The maps ι±θ are not injective in
general.
Assumption 1.3 clearly holds for X whenever it holds for X, and in this case the
construction of Section 1 yields the Steinberg maps Φ±θ : X/K → N±θ/K relative to
X and ΦI ±θ : X/K→ N±θ/K relative to X. Then it is natural to make the following
Conjecture 3.7. The diagram below commutes. In other words, the orbit embedding
ι : X/K →֒ X/K is compatible with the Steinberg maps Φ±θ and ΦI ±θ.
(3.2)
X/K
 _
ι

Φ±θ
// N±θ/K
ι±θ

X/K
ΦI ±θ
// N±θ/K
The functoriality of the constructions is not sufficient to hold Conjecture 3.7 affirma-
tively. Let O ⊂ X be a K-orbit and let O := ι(O) be the corresponding K-orbit in X.
By definition of the maps ΦI ±θ, there is a dense open subset U of the conormal bundle
T ∗OX such that
u ∈ U =⇒ (uθ ∈ ΦI θ(O) and u−θ ∈ ΦI −θ(O)).
We may assume that U ⊂ T ∗OX is K-stable and σ-stable. Note that T
∗
OX = (T
∗
OX)
σ by
Theorem 3.6.
Lemma 3.8. The equality ΦI ±θ(ι(O)) = ι±θ(Φ±θ(O)) holds (and hence the diagram
(3.2) commutes) if U intersects T ∗OX.
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However, in general, it seems difficult to check the condition for U in the above lemma.
In the next section, we will discuss an explicit embedding of type CI into type AIII (see
(4.1) below). Yet it is still difficult to prove the commutativity of the Steinberg maps
in full generality. Direct calculations tell us that up to n = 3 there always exist such U
in Lemma 3.8, so that the commutativity holds.
4. Steinberg theory for type CI embedded into type AIII
In this section, we apply the theory of embedding to the case of type CI inside type
AIII. This section serves as a meaningful example of the embedding theory given in § 3.
Let us begin with G = GL2n and two commuting involutions σ, θ ∈ AutG defined by
θ(g) = I−1n,n g In,n In,n = diag(1n,−1n),
σ(g) = J−1n
tg−1Jn Jn =
( −1n
1n
)
.
Then
(4.1) K = Gθ = GLn ×GLn, G = G
σ = Sp2n, K = G
θ ≃ GLn
are all connected. We use Jn to define a symplectic form on V = C
2n by (u, v) =
tuJnv. Take Q = B = B
+
n in K = GLn as a Borel subgroup and let P = PS be
the Siegel parabolic subgroup of G = Sp2n which stabilizes the Lagrangian subspace
V + = 〈e1, e2, . . . , en〉 ⊂ V , where ek denotes the k-th elementary basis vector. Similarly
we put V − = 〈en+1, en+2, . . . , e2n〉, which is also Lagrangian, and V = V + ⊕ V − is a
polarization stable under K.
We take BK = B
+
n × B
−
n as a σ-stable Borel subgroup of K and put P = StabG(V
+)
the stabilizer of V + in G = GL2n. It is easy to see that P is a σ-stable parabolic
subgroup. Thus our double flag varieties are
(4.2) X = G/P ×K/B = Sp2n/PS ×GLn/B
+
n ≃ LGr(C
2n)×Fℓn,
and
(4.3) X = G/P×K/BK = GL2n/P(n,n) ×GLn/B
+
n ×GLn/B
−
n
≃ Grn(C
2n)×Fℓn ×Fℓn,
where LGr(V ) denotes the Lagrangian Grassmannian, the variety of all the Lagrangian
subspaces in the symplectic vector space V = C2n with the symplectic form defined by
Jn, and Fℓn is the variety of complete flags in C
n. We use the notation P(n,n) for the
parabolic subgroup in GL2n determined by the partition (n, n) of 2n.
4.1. Assumptions (A) and (B). In this setting, Assumptions (A) and (B) in § 3.2
are satisfied as we will see below. So the whole theory of embedding works well. Note
that in this case X has finitely many K-orbits (see [8]), hence we conclude that X has
also finitely many K-orbits, although the finiteness of orbits is already known by a
general classification theory [10].
First, let us check the condition (A).
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Lemma 4.1. In the setting above, BK ⊂ K and P ⊂ G admit (−σ)-square roots.
Proof. We follow the strategy of Ohta [24] (the proof of Theorem 1 there).
Take g ∈ P−σ. Then σ(g) = J−1n
tg−1Jn = g
−1 and thus we get J−1n
tgJn = g.
The expression of the left-hand side can be extended into a mapping on the whole
matrix algebra M2n, which we denote by τ temporarily. So we put τ(A) = J
−1
n
tAJn for
A ∈ M2n, which is an anti-automorphism of M2n.
For the above chosen g ∈ P−σ, a standard argument of linear algebra produces a
polynomial f(T ) ∈ C[T ] such that f(g)2 = g. Since g is invertible, f(g) is also invertible
and f(g) ∈ GL2n = G. Since τ(f(g)) = f(τ(g)) = f(g), this means f(g) ∈ G
−σ.
Note that g ∈ P stabilizes V +. This forces f(g) to stabilize V + also, hence f(g) ∈ P−σ.
This proves that P admits (−σ)-square roots.
Using the fact that BK is the stabilizer inK of a complete flag in V
±, we can prove that
BK admits (−σ)-square roots in the same way. However, note that K is the stabilizer
of the polar decomposition V + ⊕ V −. 
Remark 4.2. The same argument proves that any σ-stable parabolic subgroup in G
or K admits (−σ)-square roots (cf. Corollary 3.4).
To prove the condition (B), we will consider P1 ∩ (BK)1 for an arbitrary σ-stable
parabolic subgroup P1 ⊂ G and a Borel subgroup (BK)1 ⊂ K. An element g ∈ P1∩(BK)1
can be characterized by the property that it stabilizes various subspaces (and also polar
decomposition) of V . Thus the literary same arguments in Lemma 4.1 can apply, which
proves (B).
The conditions (A) and (B) imply the following theorem.
Theorem 4.3. Let X and X be the double flag varieties defined in (4.2) and (4.3)
respectively. Then the orbit map X/K → X/K is injective, i.e., for any K-orbit O in
X, the intersection X ∩O is either empty or a single K-orbit.
4.2. Explicit embedding of orbits in double flag varieties. Since we get an ab-
stract embedding theorem for orbits, we can use it to classify the orbits in the double
flag variety X explicitly in terms of the parametrization of the orbits in X given in
Theorem 2.2.
First, we clarify the explicit embedding mapX → X and the involutive automorphism
on X. Recall the various identifications (see § 2.2):
(4.4)
X/K ≃ B+n × B
−
n \GL2n/P(n,n) ≃ B
+
n ×B
−
n \Grn(C
2n)
≃ B+n × B
−
n \M
◦
2n,n/GLn ≃ (T
2
n)
◦/Sn,
where M◦2n,n denotes the set of 2n by n matrices of full rank (i.e., rank n). Take
ω =
(
τ1
τ2
)
∈ (T 2n)
◦ as a representative of a K-orbit O, and denote O = Oω. Then Oω is
generated by the point (BK, gP), where
g =
(
τ1 ξ1
τ2 −ξ2
)
∈ GL2n = G
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for some ξ1, ξ2 ∈ Mn (we put minus sign in front of ξ2 for later convenience). In fact, it
is easy to see
gP · V + = gV + = [ω],
where [ω] denotes the image of the matrix ω, i.e., the n-dimensional subspace generated
by the column vectors of ω. We need a lemma.
Lemma 4.4. We can choose g =
(
τ1 ξ1
τ2 −ξ2
)
in such a way that
(
ξ1
ξ2
)
∈ (T 2n)
◦ and
tξ1τ1 − tξ2τ2 = 0.
Proof. Based on the general description of τ1 and τ2 given in Section 2.3, we can find
permutation matrices s1, s2, s ∈ Sn such that
s1τ1s =
(
1r 0 0
0 0 0
0 0 1q
)
and s2τ2s =
(
1r 0 0
0 1p 0
0 0 0
)
.
Then, choosing ξ1 and ξ2 so that
s1ξ1 =
(
1r 0 0
0 1p 0
0 0 0
)
and s2ξ2 =
(
1r 0 0
0 0 0
0 0 1q
)
,
we get
0 = t(s1ξ1)(s1τ1s)−
t(s2ξ2)(s2τ2s) = (
tξ1τ1 −
tξ2τ2)s,
whence tξ1τ1 −
tξ2τ2 = 0 as desired. 
We define an involution on (T 2n)
◦/Sn ≃ X/K by σ(Oω) = Oσ(ω) (ω ∈ (T
2
n)
◦), which is
denoted by the same letter σ by abuse of notation. Note that σ(ω) is determined only
modulo the right multiplication by Sn.
Proposition 4.5. For g =
(
τ1 ξ1
τ2 −ξ2
)
chosen in Lemma 4.4 and ω =
(
τ1
τ2
)
∈ (T 2n)
◦,
let Oω be the K-orbit in X through the point (BK, gP). Then σ(Oω) = Oσ(ω) is given by
σ(ω) = σ
((
τ1
τ2
))
=
(
ξ2
ξ1
)
.
Proof. We have σ
(
(BK, gP)
)
= (BK, σ(g)P) and σ(g) = J
−1
n
tg−1Jn. Let us compute
tg−1. We get
tgg =
( tτ1 tτ2
tξ1 − tξ2
)(
τ1 ξ1
τ2 −ξ2
)
=
( tτ1τ1 + tτ2τ2 tτ1ξ1 − tτ2ξ2
tξ1τ1 − tξ2τ2 tξ1ξ1 + tξ2ξ2
)
=:
(
d1 0
0 d2
)
,
by the property tξ1τ1− tξ2τ2 = 0. An easy calculation tells that d1 = tτ1τ1+ tτ2τ2 is a
diagonal matrix with diagonal entries 1 or 2, and so is d2 =
tξ1ξ1 +
tξ2ξ2. Thus we get
tg−1 = gd−1 with d = diag(d1, d2). From this, we compute
σ(g) = J−1n
tg−1Jn = J
−1
n gd
−1Jn =
(
ξ2 τ2
ξ1 −τ1
)
· diag(−d−12 ,−d
−1
1 ),
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and get σ(g)P =
(
ξ2 τ2
ξ1 −τ1
)
P. This implies σ
((
τ1
τ2
))
=
(
ξ2
ξ1
)
. 
Theorem 4.6. For ω =
(
τ1
τ2
)
∈ (T 2n)
◦/Sn, let Oω be the corresponding K-orbit in X.
Then the following (1)–(4) are all equivalent.
(1) Oω ∩X 6= ∅ (and consequently it is a single K-orbit);
(2) σ(Oω) = Oω, i.e., the K-orbit is σ-stable;
(3) tτ1τ2 ∈ Symn;
(4) tτ2τ1 ∈ Symn.
In particular, the set of K-orbits in the double flag variety X = Sp2n/PS ×GLn/B
+
n of
type CI is parametrized by (C 2n )
◦/Sn, where
(C 2n )
◦ :=
{
ω =
(
τ1
τ2
)
∈ (T 2n)
◦
∣∣ tτ1τ2 = tτ2τ1 ∈ Symn}.
As in the case of X/K (see (4.4)), there are natural bijections
(4.5)
X/K ≃ (LGr(C2n)×Fℓn)/GLn ≃ B
+
n \Sp2n/PS
≃ B+n \LGr(C
2n) ≃ B+n \S
◦
2n,n/GLn,
where
(4.6)
S
◦
2n,n = {A ∈ M
◦
2n,n |
tAJnA = 0}
= {A =
(
A1
A2
)
∈ M◦2n,n |
tA1A2 =
tA2A1 ∈ Symn}.
Note that the actions of b ∈ B+n are all defined by the left multiplications by
(
b 0
0 tb−1
)
.
The above theorem tells that all these coset spaces are in bijection with (C 2n )
◦/Sn.
We get an interesting corollary as a byproduct.
Corollary 4.7. For ω =
(
τ1
τ2
)
∈ (T 2n)
◦, the following are all equivalent.
(1) ω ∈ (C 2n )
◦, i.e., tτ1τ2 =
tτ2τ1 ∈ Symn holds;
(2) tτ1bτ2 ∈ Symn for some b ∈ B
−
n ;
(3) tτ1b
′τ2 ∈ Symn for some s ∈ Sn and b
′ ∈ sB−n s
−1.
(4) tτ1b
′τ2 ∈ Symn for any s ∈ Sn and some b
′ ∈ sB−n s
−1.
Proof. Obviously
(
τ1
τ2
)
∈ (C 2n )
◦ if and only if
(
sτ1
sτ2
)
∈ (C 2n )
◦ for some s ∈ Sn if and
only if it is so for any s ∈ Sn. Therefore it suffices to prove the equivalence of (1) and
(2). Since the implication (1) =⇒ (2) is clear, let us prove that (2) implies (1). Note
that ω =
(
τ1
τ2
)
and
( tbτ1
τ2
)
= diag( tb, 1) · ω are in the same orbit Oω. Thus we get
(2) ⇐⇒
[( tbτ1
τ2
)]
is Lagrangian =⇒ Oω ∩X 6= ∅ ⇐⇒ (1).

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4.3. Embedding of nilpotent orbits. The embedding of nilpotent orbits in type CI
into those of type AIII is well studied. Let us make a quick summary of the known
facts.
We use the general notation for nilpotent cones introduced in § 3.4. In particular we
consider the nilpotent cones N±θ ⊂ g±θ of the Lie algebra g = Lie (Sp2n). Note that
k := gθ identifies with Lie (GLn) embedded inside g. The symmetric subgroup K = GLn
acts on N±θ with finitely many orbits.
Similarly, the two nilpotent cones for G = Lie (GL2n) are denoted by N
θ = N ∩ K
and N−θ = N ∩G−θ. The symmetric subgroup K = GLn ×GLn acts on N±θ.
Finally recall the natural orbit maps ι±θ : N±θ/K → N±θ/K, O 7→ K · O.
Theorem 4.8 (Ohta [22, 23]). In the above setting, the orbit maps ι±θ are injective
and respect the closure ordering. In particular, for any nilpotent K-orbit O ∈ N±θ/K,
the intersection O∩N±θ is either empty or a single nilpotent K-orbit. Moreover, if O
is σ-stable, then O ∩ N±θ is nonempty.
Note that the above theorem does not imply that O ∩ N±θ is irreducible. However,
if O ∩ N±θ 6= ∅, then O ∩ N±θ = O ∩N±θ is irreducible, and in fact it is the closure
of a nilpotent K-orbit.
Let us give more explicit information on the embedding of nilpotent orbits together
with parametrization.
Since Nθ is a direct product of the nilpotent varieties of gln, nilpotent K-orbits in N
θ
are classified by pairs of partitions of size n. Thus we identify Nθ/K ≃ P(n)2, and we
write O(λ,µ) (λ, µ ⊢ n) for the corresponding nilpotent K-orbit.
Lemma 4.9. A nilpotent K-orbit O(λ,µ) (λ, µ ⊢ n) is σ-stable if and only if λ = µ. In
that case, the intersection is O(λ,λ) ∩N
θ = Oλ, which is the nilpotent K-orbit with the
Jordan normal form corresponding to λ.
Proof. It is easy to see that σ(O(λ,µ)) = O(µ,λ) by using the explicit form of the involution
σ. If λ = µ, the element diag(x,− tx) ∈ O(λ,λ) belongs to Oλ. 
Next we consider the nilpotent orbits in N−θ and N−θ. The nilpotent K-orbits in
N−θ are parametrized by signed Young diagrams of signature (n, n). We denote by
YD±(n, n) the set of all such signed Young diagrams. An element Λ ∈ YD±(n, n) is a
Young diagram of size 2n and each box is filled in by either plus or minus sign. In each
row, (±)-signs are arranged alternatively. The total number of plus signs is n and that
of minus is also n. Moreover, the signed diagram is defined up to permutation of its
rows. We denote by OΛ the nilpotent K-orbit corresponding to Λ ∈ YD±(n, n).
For example, the set YD±(2, 2) consists of
+−+− −+−+ +−+
−
−+−
+
+−
+−
+−
−+
−+
−+
+−
+
−
−+
+
−
+
+
−
−
and there are 10 orbits.
On the other hand, nilpotent orbits in N−θ for type CI are parametrized by a subset
of signed Young diagrams in YD±(n, n) with the property that
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(⋆) odd rows appear in pairs and their signature must be +−+− · · · −+−+−+ · · · +−
We denote the set of such signed Young diagrams by YDCI± (n, n). For example,
YDCI± (2, 2) consists of
+−+− −+−+ +−
+−
+−
−+
−+
−+
+−
+
−
−+
+
−
+
+
−
−
so there are 8 orbits in total. We will denote the nilpotent K-orbit corresponding to
Λ ∈ YDCI± (n, n) by OΛ.
Lemma 4.10. A nilpotent K-orbit OΛ for Λ ∈ YD±(n, n) is σ-stable if and only if Λ
belongs to YDCI± (n, n). In that case, OΛ ∩N
−θ = OΛ.
Proof. In fact, for any Λ ∈ YD±(n, n), the involution takes OΛ to Oσ(Λ), where σ(Λ) is
obtained from Λ by exchanging plus and minus signs in the rows of odd length. This
follows from the consideration below. Let us take a representative x =
(
0 z
w 0
)
∈ OΛ.
Then the shape of Λ is given by the sizes of the Jordan cells in the Jordan normal form
of x. The signatures are controlled by{
rank(zw)k
rank(wz)k
and
{
rank(zw)kz
rank(wz)kw
for k ≥ 1
(see [4] and [8, § 10.1] for details), for instance
rank(wz)k − rank(zw)k = #{odd rows of length < 2k starting with “+”}
−#{odd rows of length < 2k starting with “−”}.
By a direct calculation, we get
σ(x) = J−1n (−
tx)Jn =
(
0 tz
tw 0
)
.
Hence the signature of σ(Λ) is controlled by{
rank( tz tw)k = rank(wz)k
rank( tw tz)k = rank(zw)k
and {
rank( tz tw)k tz = rank z(wz)k = rank(zw)kz
rank( tw tz)k tw = rankw(zw)k = rank(wz)kw.
Since the roles of (wz)k and (zw)k are exchanged, it affects the signature in the odd
rows, and in fact, it exchanges the signature of plus and minus.
Thus, if OΛ is σ-stable, the odd rows must appear in pair and their signatures are
exchanged. Thus we have odd rows of the form appearing in (⋆). The rest of the
statements are clear. 
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Theorem 4.8 gives the orbit embeddings for nilpotent orbits ι±θ : N±θ/K →֒ N±θ/K
in addition to the orbit embedding for orbits in double flag varieties ι : X/K →֒ X/K
proved in Theorem 4.3. However, in spite of the explicit description of all these orbit
embeddings, the commutativity of the diagram (3.2) is still open.
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